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Preface 

In revising the fifth edition, the strengths of the earlier editions were retained. There will still be the 20 online 
videos demonstrating the solution of some of the supplementary problems in the text. It is still possible to solve 
all the problems without the use of a calculator by using the tables provided, by using a basic scientific calcula-
tor, or by using a graphing calculator. The text is flexible enough to be used as a primary text for trigonometry, 
a supplement to a standard trigonometry text, or as a reference or review text for an individual student.

The book is complete in itself and can be used quite well by students studying trigonometry for the first time 
and by students needing to review the fundamental concepts and procedures of trigonometry. It is a helpful 
source finding a specific piece of trigonometric information needed in another course or on a job.

Each chapter contains a summary of the necessary definitions and theorems for a particular aspect of trigo-
nometry followed by a set of solved problems. These solved problems include the proofs of theorems and the 
derivation of formulas. Each chapter ends with a set of supplementary problems with their answers.

Triangle solution problems, trigonometric identities, and trigonometric equations require a knowledge of 
elementary algebra and basic geometry. The problems have been carefully selected and their solutions spelled 
out in sufficient detail and arranged to illustrate clearly the algebraic processes involved as well as the use of 
the basic trigonometric relations.

Robert E. Moyer
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1

CHAPTER 1

Angles and Applications

1.1 Introduction

Trigonometry is the branch of mathematics concerned with the measurement of the parts, sides, and angles of 
a triangle. Plane trigonometry, which is the topic of this book, is restricted to triangles lying in a plane. Trigo-
nometry is based on certain ratios, called trigonometric functions, to be defined in the next chapter. The early 
applications of the trigonometric functions were to surveying, navigation, and engineering. These functions 
also play an important role in the study of all sorts of vibratory phenomena—sound, light, electricity, etc. As a 
consequence, a considerable portion of the subject matter is concerned with a study of the properties of and 
relations among the trigonometric functions.

1.2 Plane Angle

The plane angle XOP, Fig. 1.1, is formed by the two rays OX and OP. The point O is called the vertex and the 
half lines are called the sides of the angle.

Fig. 1.1 

More often, a plane angle is thought of as being generated by revolving a ray (in a plane) from the initial 
position OX to a terminal position OP. Then O is again the vertex, OX

�
 is called the initial side, and OP

�
 is called 

the terminal side of the angle.
An angle generated in this manner is called positive if the direction of rotation (indicated by a curved arrow)  

is counterclockwise and negative if the direction of rotation is clockwise. The angle is positive in Fig. 1.2(a) 
and (c) and negative in Fig. 1.2(b).

Fig. 1.2 
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2 CHAPTER 1 Angles and Applications

1.3 Measures of Angles

When an arc of a circle is in the interior of an angle of the circle and the arc joins the points of intersection of 
the sides of the angle and the circle, the arc is said to subtend the angle.

A degree (8) is defined as the measure of the central angle subtended by an arc of a circle equal to 1/360 of 
the circumference of the circle.

A minute (9) is 1/60 of a degree; a second (0) is 1/60 of a minute, or 1/3600 of a degree.

EXAMPLE 1.1 (a)   14s368249d 5 9869

(b) 1
2s1278249d 5 1

2s1268849d 5 638429

(c) 1
2s818159d 5 1

2s808759d 5 40837.59 or 408379300

(d) 1
4s748299200d 5 1

4s7281499200d 5 1
4s7281489800d 5 188379200

When changing angles in decimals to minutes and seconds, the general rule is that angles in tenths will be 
changed to the nearest minute and all other angles will be rounded to the nearest hundredth and then changed 
to the nearest second. When changing angles in minutes and seconds to decimals, the results in minutes are 
rounded to tenths and angles in seconds have the results rounded to hundredths.

EXAMPLE 1.2 (a)   62.48 5 628 1 0.4(609) 5 628249

(b) 23.98 5 238 1 0.9(609) 5 238549

(c) 29.238  5 298 1 0.23(609) 5 29813.89 5 298139 1 0.8(600) 
5 298139480

(d) 37.478  5 378 1 0.47(609) 5 37828.29 5 378289 1 0.2(600) 
5 378289120

(e) 788179 5 788 1 178/60 5 78.28333. . .8 5 78.38 (rounded to tenths)

(f) 588229160 5 588 1 228/60 1 168/3600 5 58.37111. . .8 5 58.378 (rounded to hundredths)

A radian (rad) is defined as the measure of the central angle subtended by an arc of a circle equal to the 
radius of the circle. (See Fig. 1.3.)

The circumference of a circle 5 2p(radius) and subtends an angle of 3608. Then 2p radians 5 3608; therefore

  1 radian 5
1808

p 5 57.2968 5 578179450

and 1 degree 5
p

180
 radian 5 0.017453 rad 

where p 5 3.14159.

Fig. 1.3 
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3CHAPTER 1 Angles and Applications

EXAMPLE 1.3 (a)  
7
12

p rad 5
7p
12 �

1808
p 5 1058

(b) 508 5 50 �
p

180
 rad 5

5p
18

 rad

(c) 2
p
6
 rad 5 2

p
6 �

1808
p 5 2308

(d) 22108 5 2210 �
p

180
 rad  5 2

7p
6

 rad

(See Probs. 1.1 and 1.2.)

1.4 Arc Length

On a circle of radius r, a central angle of u radians, Fig. 1.4, intercepts an arc of length 

s 5 r u

that is, arc length 5 radius 3 central angle in radians.

(NOTE: s and r may be measured in any convenient unit of length, but they must be expressed in the  
same unit.)

Fig. 1.4 

EXAMPLE 1.4 (a)  On a circle of radius 30 in, the length of the arc intercepted by a central angle of 1
3 rad is

s 5 r u 5 30s1
3d 5 10 in

(b) On the same circle a central angle of 508 intercepts an arc of length

s 5 r u 5 3015p
182 5

25p
3

 in

(c) On the same circle an arc of length 11
2 ft subtends a central angle

u 5
s
r 5

18
30

5
3
5

 rad    when s and r are expressed in inches

or u 5
s
r 5

3y2

5y2
5

3
5

 rad  when s and r are expressed in feet

(See Probs. 1.3–1.8.)
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4 CHAPTER 1 Angles and Applications

1.5 Lengths of Arcs on a Unit Circle

The correspondence between points on a real number line and the points on a unit circle, x2 1 y2 5 1, with its 
center at the origin is shown in Fig. 1.5.

Fig. 1.5 

The zero (0) on the number line is matched with the point (1, 0) as shown in Fig. 1.5(a). The positive real 
numbers are wrapped around the circle in a counterclockwise direction, Fig. 1.5(b), and the negative real num-
bers are wrapped around the circle in a clockwise direction, Fig. 1.5(c). Every point on the unit circle is matched 
with many real numbers, both positive and negative.

The radius of a unit circle has length 1. Therefore, the circumference of the circle, given by 2pr, is 2p. The 
distance halfway around is p and the distance 1/4 the way around is p/2. Each positive number is paired with the 
length of an arc s, and since s 5 ru 5 1 · u 5 u, each real number is paired with an angle u in radian measure.  
Likewise, each negative real number is paired with the negative of the length of an arc and, therefore, with a 
negative angle in radian measure. Figure 1.6(a) shows points corresponding to positive angles, and Fig. 1.6(b) 
shows points corresponding to negative angles.

Fig. 1.6 
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5CHAPTER 1 Angles and Applications

1.6 Area of a Sector

The area K of a sector of a circle (such as the shaded part of Fig. 1.7) with radius r and central angle u  
radians is

K 5 1
2r2u

that is, the area of a sector 5 1
2 3 the radius 3 the radius 3 the central angle in radians.

(NOTE: K will be measured in the square unit of area that corresponds to the length unit used to measure r.)

Fig. 1.7 

EXAMPLE 1.5 For a circle of radius 30 in, the area of a sector intercepted by a central angle of 1
3 rad is

K 5 1
2r2u 5 1

2(30)2 s1
3d 5150 in2

EXAMPLE 1.6 For a circle of radius 18 cm, the area of a sector intercepted by a central angle of 508 is

K 5 1
2r2u 5 1

2(18)2 
5p
18

5 45p cm2 or 141 cm2 (rounded)

(NOTE: 508 5 5p/18 rad.)
(See Probs. 1.9 and 1.10.)

1.7 Linear and Angular Velocity

Consider an object traveling at a constant velocity along a circular arc of radius r. Let s be the length of the arc 
traveled in time t. Let 2 be the angle (in radian measure) corresponding to arc length s.

Linear velocity measures how fast the object travels. The linear velocity, v, of an object is computed by 

n 5
arc length

time 5 s
t.

Angular velocity measures how fast the angle changes. The angular velocity, v (the lower-case Greek letter 

omega) of the object, is computed by v 5
central angle in radians

time 5
u
t .

The relationship between the linear velocity v and the angular velocity v for an object with radius r is

 v 5 rv 

where v is measured in radians per unit of time and v is distance per unit of time.

(NOTE: v and v use the same unit of time and r and v use the same linear unit.)
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6 CHAPTER 1 Angles and Applications

EXAMPLE 1.7 A bicycle with 20-in wheels is traveling down a road at 15 mi/h. Find the angular velocity of the wheel 
in revolutions per minute.

Because the radius is 10 in and the angular velocity is to be in revolutions per minute (r/min), change the linear 
velocity 15 mi/h to units of in/min.

v 5 15 
mi
h

5
15
1

 
mi
h �

5280
1

 
ft
mi �

12
1

 
in
ft �

1
60

 
h

min
5 15,840 

in
min

v 5
v
r 5

15,840
10

 
rad
min

5 1584 
rad
min

To change v to r/min, we multiply by 1/2p revolution per radian (r/rad).

v 5 1584 
rad
min

5
1584

1
 
rad
min �

1
2p

 
r

rad
5

792
p  

r
min

   or   252 r/min

EXAMPLE 1.8 A wheel that is drawn by a belt is making 1 revolution per second (r/s). If the wheel is 18 cm in diameter, 
what is the linear velocity of the belt in cm/s?

1
r
s 5

1
1 �

2p
1

 
rad
r 5 2p rad/s

v 5 rv 5 9(2p) 5 18p cm/s   or   57   cm/s

(See Probs. 1.11 to 1.15.)

SoLVEd ProbLEMS 

Use the directions for rounding stated on page 2.

 1.1 Express each of the following angles in radian measure:

(a) 308, (b) 1358, (c) 258309, (d) 428249350, (e) 165.78, 
(f) 23.858, (g) 22058, (h) 2188300, (i) 20.218

(a) 308 5 30(p/180) rad 5 p/6 rad or 0.5236 rad

(b) 1358 5 135(p/180) rad 5 3p/4 rad or 2.3562 rad

(c) 258309 5 25.58 5 25.5(p/180) rad 5 0.4451 rad

(d) 428249350 5 42.418 5 42.41(p/180) rad 5 0.7402 rad

(e) 165.78 5 165.7(p/180) rad 5 2.8920 rad

(f) 23.858 5 23.85(p/180) rad 5 20.0672 rad

(g) 22058 5 (2205)(p/180) rad 5 23.5779 rad

(h) 2188300 5 218.018 5 (218.01)(p/180) rad 5 20.3143 rad

(i) 20.218 5 (20.21)(p/180) rad 5 20.0037 rad

 1.2 Express each of the following angles in degree measure:

(a) p/3 rad, (b) 5p/9 rad, (c) 2/5 rad, (d) 4/3 rad, (e) 2p/8 rad, 
(f) 2 rad, (g) 1.53 rad, (h) 23p/20 rad, (i) 27p rad

(a) p/3 rad 5 (p/3)(1808/p) 5 608

(b) 5p/9 rad 5 (5p/9)(1808/p) 5 1008

(c) 2/5 rad 5 (2/5)(1808/p) 5 728/p 5 22.928 or 22855.29 or 228559120

(d) 4/3 rad 5 (4/3)(1808/p) 5 2408/p 5 76.398 or 76823.49 or 768239240

(e) 2p/8 rad 5 2(p/8)(1808/p) 5 222.58 or 228309

(f) 2 rad 5 (2)(1808/p) 5 114.598 or 114835.49 or 1148359240

(g) 1.53 rad 5 (1.53)(1808/p) 5 87.668 or 87839.69 or 878399360

(h) 23p/20 rad 5 (23p/20)(1808/p) 5 2278

(i) 27p rad 5 (27p)(1808/p) 5 212608
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7CHAPTER 1 Angles and Applications

 1.3 The minute hand of a clock is 12 cm long. How far does the tip of the hand move during 20 min?

During 20 min the hand moves through an angle u 5 1208 5 2p/3 rad and the tip of the hand moves over a 
distance s 5 ru 5 12(2p/3) 5 8p cm 5 25.1 cm.

 1.4 A central angle of a circle of radius 30 cm intercepts an arc of 6 cm. Express the central angle u in 
radians and in degrees.

u 5
s
r 5

6
30

5
1
5

 rad 5 11.468

 1.5 A railroad curve is to be laid out on a circle. What radius should be used if the track is to change 
direction by 258 in a distance of 120 m?

We are finding the radius of a circle on which a central angle u 5 258 5 5p/36 rad intercepts an arc of 120 m. Then

r 5
s
u

5
12

5py36
5

864
p  m 5 275 m

 1.6 A train is moving at the rate of 8 mi/h along a piece of circular track of radius 2500 ft. Through what 
angle does it turn in 1 min?

Since 8 mi/h 5 8(5280)/60 ft/min 5 704 ft/min, the train passes over an arc of length s 5 704 ft in 1 min.  
Then u 5 s/r 5 704/2500 5 0.2816 rad or 16.138.

 1.7 Assuming the earth to be a sphere of radius 3960 mi, find the distance of a point 368N latitude from the 
equator.

Since 368 5 p/5 rad, s 5 ru 5 3960(p/5) 5 2488 mi.

 1.8 Two cities 270 mi apart lie on the same meridian. Find their difference in latitude.

u 5
s
r 5

270
3960

5
3
44

 rad    or    3854.49

 1.9 A sector of a circle has a central angle of 508 and an area of 605 cm2. Find the radius of the circle. 
K 5 1

2r2u; therefore r 5 Ï2K/u.

r 5Î2K
u

5Î 2(605)

(5py18)
5Î4356

p 5 Ï1386.56

5 37.2 cm

1.10 A sector of a circle has a central angle of 808 and a radius of 5 m. What is the area of the sector?

K 5 1
2r2u 5 1

2(5)214p
9 2 5

50p
9

m2 5 17.5 m2

1.11  A wheel is turning at the rate of 48 r/min. Express this angular speed in (a) r/s, (b) rad/min, and (c) rad/s.

 (a) 48 
r

min
5

48
1

 
r

min �
1
60

 
min

s 5
4
5

 
r
s

 (b) 48 
r

min
5

48
1

 
r

min �
2p
1

 
rad
r 5 96p 

rad
min

    or    301.6 
rad
min

 (c) 48 
r

min
5

48
1

 
r

min �
1
60

 
min

s �
2p
1

 
rad
r 5

8p
5

 
rad
s    or   5.03 

rad
s

1.12 A wheel 4 ft in diameter is rotating at 80 r/min. Find the distance (in ft) traveled by a point on the rim in 1 s,  
that is, the linear velocity of the point (in ft/s).

80 
r

min
5 8012p

602 
rad
s 5

8p
3

 
rad
s
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8 CHAPTER 1 Angles and Applications

Then in 1 s the wheel turns through an angle u 5 8p/3 rad and a point on the wheel will travel a distance 
s 5 r u 5 2(8p/3) ft 5 16.8 ft. The linear velocity is 16.8 ft/s.

1.13 Find the diameter of a pulley which is driven at 360 r/min by a belt moving at 40 ft/s.

360 
r

min
5 36012p

602 
rad
s 5 12p 

rad
s

Then in 1 s the pulley turns through an angle u 5 12p rad and a point on the rim travels a distance s 5 40 ft.

d 5 2r 5 21s
u2 5 21 40

12p2ft 5
20
3p

ft 5 2.12 ft

1.14 A point on the rim of a turbine wheel of diameter 10 ft moves with a linear speed of 45 ft/s. Find the rate 
at which the wheel turns (angular speed) in rad/s and in r/s.

In 1 s a point on the rim travels a distance s 5 45 ft. Then in 1 s the wheel turns through an angle u 5 s/r 5  
45/5 5 9 rad and its angular speed is 9 rad/s.

Since 1 r 5 2p rad or 1 rad 5 1/2p r, 9 rad/s 5 9(1/2p) r/s 5 1.43 r/s.

1.15 Determine the speed of the earth (in mi/s) in its course around the sun. Assume the earth’s orbit to be a 
circle of radius 93,000,000 mi and 1 year 5 365 days.

In 365 days the earth travels a distance of 2pr 5 2(3.14)(93,000,000) mi.

In 1 s it will travel a distance s 5
2(3.14)(93,000,000)

365(24)(60)(60)
 mi 5 18.5 mi. Its speed is 18.5 mi/s.

SUPPLEMEntAry ProbLEMS

Use the directions for rounding stated on page 2.

1.16 Express each of the following in radian measure:

(a) 258, (b) 1608, (c) 758309, (d) 1128409, (e) 128129200, (f) 18.348

Ans. (a) 5p/36 or 0.4363 rad      (c) 151p/360 or 1.3177 rad       (e) 0.2130 rad
 (b) 8p/9 or 2.7925 rad        (d) 169p/270 or 1.9664 rad       (f) 0.3201 rad

1.17 Express each of the following in degree measure:

(a) p/4 rad, (b) 7p/10 rad, (c) 5p/6 rad, (d) 1/4 rad, (e) 7/5 rad

Ans. (a) 458, (b) 1268, (c) 1508, (d) 148199120 or 14.328, (e) 808129260 or 80.218

1.18 On a circle of radius 24 in, find the length of arc subtended by a central angle of (a) 2/3 rad, (b) 3p/5 rad,  
(c) 758, (d) 1308.

Ans. (a) 16 in, (b) 14.4p or 45.2 in, (c) 10p or 31.4 in, (d) 52p/3 or 54.4 in

1.19 A circle has a radius of 30 in. How many radians are there in an angle at the center subtended by an arc of 
(a) 30 in, (b) 20 in, (c) 50 in?

Ans. (a) 1 rad, (b) 23 rad, (c) 53 rad
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1.20 Find the radius of the circle for which an arc 15 in long subtends an angle of (a) 1 rad, (b) 2
3 rad, (c) 3 rad, 

(d) 208, (e) 508.

Ans. (a) 15 in, (b) 22.5 in, (c) 5 in, (d) 43.0 in, (e) 17.2 in

1.21 The end of a 40-in pendulum describes an arc of 5 in. Through what angle does the pendulum swing?

Ans. 1
8 rad or 7899360 or 7.168

1.22 A train is traveling at the rate 12 mi/h on a curve of radius 3000 ft. Through what angle has it turned in 1 min?

Ans. 0.352 rad or 208109 or 20.178

1.23 A curve on a railroad track consists of two circular arcs that make an S shape. The central angle of one is 208 with 
radius 2500 ft and the central angle of the other is 258 with radius 3000 ft. Find the total length of the two arcs.

Ans. 6250p/9 or 2182 ft

1.24 Find the area of the sector determined by a central angle of p/3 rad in a circle of diameter 32 mm.

Ans. 128p/3 or 134.04 mm2

1.25 Find the central angle necessary to form a sector of area 14.6 cm2 in a circle of radius 4.85 cm.

Ans. 1.24 rad or 71.058 or 71839

1.26 Find the area of the sector determined by a central angle of 1008 in a circle with radius 12 cm.

Ans. 40p or 125.7 cm2

1.27 If the area of a sector of a circle is 248 m2 and the central angle is 1358, find the diameter of the circle.

Ans. diameter 5 29.0 m

1.28 A flywheel of radius 10 cm is turning at the rate 900 r/min. How fast does a point on the rim travel in m/s?

Ans. 3p or 9.4 m/s

1.29 An automobile tire has a diameter of 30 in. How fast (r/min) does the wheel turn on the axle when the automobile 
maintains a speed of 45 mi/h?

Ans. 504 r/min

1.30 In grinding certain tools the linear velocity of the grinding surface should not exceed 6000 ft/s. Find the maximum 
number of revolutions per second of (a) a 12-in (diameter) emery wheel and (b) an 8-in wheel.

Ans. (a) 6000/p r/s or 1910 r/s, (b) 9000/p r/s or 2865 r/s

1.31 If an automobile wheel 78 cm in diameter rotates at 600 r/min, what is the speed of the car in km/h?

Ans. 88.2 km/h
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